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Rocket Nozzle Flow Control Using a Reduced-Order
Computational Fluid Dynamics Model
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The use of proper orthogonal decomposition-based reduced-order computational fluid dynamics models for
multidisciplinary optimization are investigated. An open-loop optimal control problem is solved concerning the
regulation of a rocket engine thrust profile. The control synthesis uses a numerical flowfield solver as the plant
model. Controllers are synthesized using both the full-order nonlinear fluid dynamics, which serves as a truth
model, and a reduced-order model of the flowfield generated via proper orthogonal decomposition. The latter has
been successfully applied to reduce the order of both steady and unsteady subsonic flowfield solutions obtained
via computational fluid dynamics. Specifically, the application of reduced-order flowfield solvers to a rocket’s
thrust controller design is explored. A quasi-one-dimensionalsupersonic convergent-divergent nozzle with varying
backpressure is used as a model problem. Treating the nozzle flow as one-dimensional, the reduced-order model
is used to synthesize a nonlinear controller that controls thrust by varying nozzle throat area along an ascent
trajectory. The performance of the reduced-order controller is quantified.

Nomenclature
A Jacobian of flux terms E in Euler equations
A(x) = nozzle cross-sectionalarea, m>
E = vector of X-axis fluxes
E; = total energy,J
G(t) = systemdynamic response function
H = numerical flux function from Roe’s scheme
m = mass flow rate, kg/s
N,M = dimensions of reduced-ordermapping matrix
nx = total number of grid points in the nozzle
p = pressure,Pa
R = transformation matrix
R, = ideal gas constant,J/kg - K
R() = right-hand side or nonlinear portion of Euler equations
S = matrix of flowfield data, or snapshots
T = temperature, K
T() = thrust,N
t = time,s
U = vector of conserved flow variables
u = fluid velocity at a single spatial
location in the flow, m/s
u(t) = vectorof control deflections
Vv = matrix of singular values of §
w = represents any single fluid variable
X = vector of X-axis positionsx in nozzle, m
X = spatial coordinate along axis of nozzle, m
x(t) = spatial state vector of fluid variables
z vector of forcing terms for quasi-one-dimensioml
nozzle Euler equations
y = ratio of specific heats
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A = matrix of eigenvalues

A = ratio of time and spatial step size

0 = density, kg/m?

v = reduced-order mapping matrix

Subscripts

amb = ambient

c = reference signal for control

i = index to increment discrete time steps
for controller time scale

J = index to increment discrete spatial steps

opt = optimal

stag = stagnation

t = time derivative

X = spatial derivative

0 = initial value

Superscripts

n = index to increment discrete time steps
for fluid timescale

* = value at nozzle throat

Introduction

LUID dynamics are governed by a set of partial differential

equations(PDEs) known as the Navier-Stokes (NS) equations.!
Because current control synthesis methods are almost exclusively
tailored for ordinary differential equations (ODEs) in time as plant
models, fluids/controls research currently being reported in the lit-
erature approximates the NS equations with ODEs. These ODEs
are carefully designed to capture the critical dynamics in the flow-
field, yet facilitate a tractable control synthesis via conventional
methods.?* Although this approach has yielded results for specific
flows,>3 few control applications have been demonstrated.

Fluid dynamics modeling is problematic because no general so-
lution to the NS equations is known to date. Although there are
closed-form solutions to a handful of flowfields, most of these solu-
tions require assumptions that are not valid for problems of interest.
Inthe past,aerodynamicistsused these closed-formsolutionsto edu-
cate themselves on the behaviorof the NS equations, whereas actual
aerodynamic design relied on wind-tunnel testing. More recently,
the wind tunnel has been augmented by the use of computational
fluid dynamics (CFD). CFD creates a computational wind tunnel
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where the complete NS equations are solved via computer-based
numerical approximation. This enables the prediction of stability
and control derivatives.

This paper pursues the synthesis of controllers for high-speed,
compressible fluid flow problems using online CFD-based solvers
to model the fluid dynamics and online calculations/optimization
algorithms for online control design. Most flow problems require
very large (high-order) CFD models to capture the dynamics of
the flow. These CFD models are so large that design optimization
via iterative search algorithms is infeasible in real time. The use of
properorthogonaldecomposition(POD) for order reductionof CFD
flowfield solutions was introduced in the mid 1990s. This method
has been successfully applied to low-speed, nonlinear aeroelastic
problems.* POD is a promising tool for use in model-based con-
trol, and a few low-speed flow control applications with POD have
recently been reported in the literature’>~*

This paper develops the controller synthesis strategy for a one-
dimensional model problem involving high-speed compressible
fluid flow. A CFD code is used as the system dynamics model. The
dynamics model is integrated into an optimization algorithm, and
an open-loop optimal controller is synthesized for the full-order
system. Next, the reduced-order fluid model is developed using
POD, and a suboptimal, model-based, open-loop controlleris con-
structed via the POD reduced-ordermodel (ROM) of the plant. The
performance of the full-order and POD ROM-based controllers is
compared.

Problem Statement

In this paper, a thrust controller for a liquid fueled rocket engine
with a variable throat area and adjustable propellant flow rate is de-
signed. The rocket engine dynamics are modeled with a quasi-one-
dimensionalnozzle flow, whichis a compressible,one-dimensional,
inviscid flowfield. The one-dimensionalnozzle assumptionprovides
accuracy within about 6% of a higher-orderanalysis.” Flow control
is accomplished by changing the nozzle geometry, which entails
changing the nozzle throat area and thereby the fuel mass flow rate.
This novel control concepthas been tested on experimentalrockets’

This problem is treated with a numerical method applicable to
complex problems with no known analytical solution, even though
the analytical solution for quasi-one-dimensioml nozzle flows is
well known and providedin gasdynamics textbooks.'” This general
numerical method is intentionally demonstrated on a problem with
a known solution to allow for verification of the solution.

The relevant parameters for the chemical rocket engine were
taken from the open literature” The rocket engine was designed
for an optimal thrustof 5000 N at 25,000 m of altitude. This yielded
the following specifications: A*=13.87 cm?, A = 612.5 cm?,
m =1.919kg/s, e = 2605 m/s.

The chamber conditionsare as follows: Py, =2.068 MPa, T,y =
2800 K, y =1.3, R, =355.4 J/kg- K. The rocket engine operates
on a simulated ascent trajectory between 10,000 and 25,000 m of
altitude. The simplified trajectoryentailsa linear decreasein ambient
pressure over a 120-s flight time, as in Eq. (1):

Pss 000 = P
Pamb = altitude - M (1)
(25,0000~ 10,000)
The rocket’s thrustis given by Eq. (2) (Ref. 11),
thrust = exii + (Pexic = Pamb) Aexic 2)

Without any control input, the nominal thrust along this ascent tra-
jectory is shown in Fig. 1.

A schematic of the rocket nozzle is shown in Fig. 2. The control
only affected the nozzle geometry near the throat (shaded region in
Fig. 2), whereas most of the nozzle geometry (especially the nozzle
exit area) remained fixed. No shock was allowed to stand in the
nozzle, resulting in isentropic flow throughout the nozzle. Hence,
the isentropic flow relations yield the analytical solution for this
flowfield.!” The flow in the nozzle was constantin the uncontrolled
rocket, and the increase in thrust throughout the trajectory (Fig. 1)
was due only to the drop in ambient pressure relative to the fixed
exitexhaustpressure. Certain launch vehiclesneed to restrict this in-
creasein thrustwith altitude. Such would be the case when launching
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a gravity-sensitive payload into orbit. For example, the space shut-
tle uses fuel mixture ratio control in the combustion chamber of the
main engine to restrict launch dynamics to less than 3 g (Ref. 11).
For this model problem, an arbitrary thrust profile was selected to
be tracked by the controller. The thrustlevel directly determines the
rockets acceleration. Digital control was envisioned and the discrete
time variableis #;,i =1, 2, .. .. The control problem s described as
follows.

The reference command signal is 7,: thrust desired= 7..(#;). The
control variableis A*: nozzle throatarea= A} (f;). The nozzle throat
area and mass flow rate are related by an equality constraint that
enforces the choked flow condition at the nozzle throat. This rela-
tionshipis given by the one-dimensionalquasi-stationaryisentropic
flow relation.'”” Therefore, nozzle throat area is the only control
variable:

() = AL (Po /v RTy) V7 12/ (y + D]Y V20D (3)

The states x(#;) at time #; are a function of the x-axis positionin the
nozzle X at nx discrete locations,

pX, ;)
x(t) = | pX, ) ulX, 1) |,
Er(X, 1)

X= {xl7x27~~~7xnx}

Here, p is density, pu is x-direction momentum, P is pressure, and
E is total energy per unit mass. The output variable of interest (as-
suming no shock wave exists in the nozzle) is thrust= 7 (¢;), and the
disturbancesignalis ambient pressure = P, (#;). For a prespecified
nozzle geometry, the system dynamics are given by

x(t + At) = flx(t); AL(%), m(t)}, x(to) =x9 (4)
The state transition function f is obtained from the inviscid flow

equations (also known as the Euler equations). Each time step re-
quires a function call to a CFD algorithm to propagate the state
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Fig.3 State vector of flow variables.

from one time to the next. The states for this system are arranged
into a single column vector as shown in Fig. 3. Notice that the dis-
turbance did not affect the system dynamics because the flow at
the nozzle exit was always supersonic. Changes in ambient pres-
sure outside the nozzle cannot propagate upstream in a supersonic
flow. The disturbance affects the overall thrust accordingly. Thus,
the output variable is

T(t,' + At) = Hduexn[x(t,- + At)]

+ [Pexit(x(ti + At)) - Pamb(ti + At)]Aexit (5)

where u.; and P.,; are functions of the state vector x.

The CFD fluid model used an explicit Roe scheme solver. The
CFD flow model spatially discretized the one-dimensional nozzle
into a grid along its length. For nx grid points, there were nx values
of each flow variable computed in the model. The number of grid
points was determined by the accuracy and stability of the CFD
algorithm. For this problem, the scheme yielded a very nice solution
for the convergencedivergentnozzle problem with 250 grid points.
Therefore, the state vector for the full-order system had dimension
750.

Controller Synthesis

Perfect a priori knowledge of the disturbance, for example, the
ambient pressure profile, is assumed along the trajectory of the
rocket, and an open-loop optimal controlleris pursued for this prob-
lem. The open-loop control system is shown in Fig. 4. Equation (6)
shows the open-loop controller signal u(;), which is a function of
the commanded thrust, the ambient pressure, and time [shown as
G()]:

u(ty) = [Af(t’)} ,
m(t;)

Finally, the flowfield prediction and the myopic control evalua-
tion can be separatedin time. The considerabletimescale separation
between the flowfield and actuator response times mean that the ac-
tuator dynamics will not affect the stability of the solution, and so
they are left out for simplicity. The flowfield reaches steady state be-
tween each time step for the control signal calculation/optimization.
Strictly speaking, an otherwise steady flowfield (time-independent
flowfield) is disturbed by a step changein geometry (A* and the por-
tion of the nozzle very near the throat) at each discrete value of #; in
the open-loop simulation. The frequency content of the command
signal T,.(#;) and the disturbance signal P, (#;) is low compared
to the speed at which disturbances propagate through the flowfield,
[ /c, where [ is the length of the nozzle and c is the reference speed
of sound. The CFD code is used to perform integration in time
and a new stationary (steady-state) one-dimensional flow field is

G(ti) = g{th Tc(ti)s Pamb(ti)} (6)

Reference Controller
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Fig. 4 Open-loop control diagram.
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quickly established. This new flowfield is used to predict the thrust
produced with the new A* geometry. The polarity is obvious: An
increasein A* producesan increasein thrust, whereas a decreasein
A* producesa decreasein thrust. This physicalinsightoffersan easy
interpolation process for matching the predicted (calculated) thrust
to the commanded thrust 7. Nonlinear equation (5) is solved when
m(A?)is foundsuchthat 7 matches 7. This procedureencapsulates
the myopic optimization algorithm used to synthesize the optimal
controller. The algorithm s outlined in Fig. 5.

Fluid Model

The Euler equations are used to approximate inviscid flowfields.
For unsteady one-dimensionalflow in a duct of variable (butknown)
cross-sectional area, the Euler equations (in conservation form) re-
duce to the equation set given here'*:

pPA
U +E. =Z, U= puA (7)
pEr A
puUA
E=1 (pu>+ P)A (®)
(pEr + P)uA

z= [—POZ—?] ©)
Lo ]

The nozzle geometry for the unmodified part of the nozzle was
selected to be a quadratic area profile'* where A* . was the throat

design
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area for the original nozzle design (13.87 cm?), and x* was the fixed
x location of the minimum nozzle area, (5.5456 cm):
A(x) = A%

design

+2.2(x - x*)?

The quadratic area profile was modified to include a variable throat

area as shown in Fig. 6. This was accomplished by inserting a cir-
cular ball of radius r, centered on the fixed x*, into the flowfield.
The ball was lowered into the flowfield so that the lower most edge
of the ball results in a nozzle throat radius whose area (A = 7 R?)
was the throat area commanded by the controller A”. A region near
the nozzle throat was created (denoted by xb and xf) where the
original nozzle configuration was linked to the ball via a line seg-
ment that connects the nozzle wall to the nearest tangent point on
the ball. This ensured a smooth surface in the vicinity of the nozzle
throat. The nozzle entrance and exit were also extended with a con-
stant area section to ensure that no large flow gradients were passed
through the boundary. This aided in convergence from poor initial
conditions.

Notice that Eq. (9) requires spatial differentiation of the nozzle
area, but the nozzle area function lacks smoothness at xb, xf and
at the transition to the inlet and exit constant area sections. This is
accommodated by numerically approximating the spatial derivative
of the cross-sectional area via a second-order central difference.
This smoothed the area function and provided good results.

Roe’s scheme was used to solve numerically this system of PDEs.
Roe’s scheme for the Euler equations is a finite difference scheme
that approximates the flux terms at each discrete grid point with an
averaging technique using information at the surrounding points in
the flow. See Tannehillet al.!' for a detailed formulation of the Roe’s
scheme. This finite difference scheme was used to solve explicitly
the entire flowfield by marchinga known initial conditionin time via
small time steps. A steady-state flow solution was achieved when
the maximum norm of the difference between flow solutions at ad-
jacent time steps was less than a small error threshold (pointwise
convergence).

Forthe quasi-one-dimensioml nozzle problem, the boundarycon-
ditionshadtobe setat the nozzle’s inletand exit. When the character-
istics of the governing flow equations are analyzed, the appropriate
number of terms to specify were determined. The inlet represents
propellant flow out of the combustor and was subsonic. It was ap-
propriate to specify two of the three solution variables for this part
of the flowfield, which consisted of subsonic flow. Momentum and
total energy were specified, letting the density term at the inlet be
adjusted by the flow solution. Because a shock was not allowed to
form in the nozzle, the exit flow was always supersonic, and no in-
formation from the ambient environmentaffected the flowfield. The
exit condition was simply an outflow of the last grid point’s flow so-
lution. It was convenientto extrapolate extra grid points beyond the
nozzle inlet and exit. The flow values at the extrapolated inlet and
exit grid points were computed using a one-sided second derivative
approximationfor the velocity variable that was set equal to zero to
enforce smoothness in the extrapolated boundary points.

Finally, Roe’s scheme loses its dissipation when the eigenvalues
of the Roe averaged matrix go through zero. As a result, a nonphys-
ical expansion shock can result in the solution, which is indeed the
case for the convergent-divergentnozzle solved via Roe’s scheme.
An expansion shock will form at the nozzle throat unless an entropy

fix is introduced. To accomplish this, the eigenvalues in IAI were
checked and replaced with a finite value ¢ when they were smaller
than a certain threshold.! The value of this threshold was sensitive
to grid size.

Reduced-Ordered Modeling

Reduced-order modeling of the flowfield was accomplished via
POD. A non-Galerkin approach was used.* The development of
POD ROM for inviscid flow through a quasi-one-dimensiond
nozzle, along with a performance analysis has been recently
completed.'> Consider the column vectorof flow variables shownin
Fig. 3. This vector represents the state variablein time and was gov-
erned by Eq. (4). For orderreductionof the flowfield, the state vector
was decomposed into the conserved flow variables, which yielded
three vectors (one for density, one for momentum, and one for total
energy). Let the vector w(t) represent any one of these three flow
variable vectors. Then the Roe’s scheme flow solver can be consid-
ered as anonlinearstate transition function R acting on w(?). Notice
that for w(?), t now represents time at the fluid timescale:

dw
— =R 10
” (w) (10)
A linear transformation was sought between the full-order state
and a reduced-order state w as follows:

w(t) =W -w(r)

W was constructed by collecting observationsof the full-order state
vector at different time intervals throughout the integration of the
full-order Roe scheme solution. These observations, or snapshots,
were collected before reaching steady state, because linearly inde-
pendent snapshot vectors were required. For simplicity, a specific
throatarea configuration was selected. With this configuration fixed,
snapshots were generated that were used to model every flowfield
of interest to the optimization algorithm (including those generated
via different throat area geometries). Collecting snapshots from a
variety of throat area geometries proved to be unnecessary for this
model problem. The parameter space of interest was the small throat
area changes required to affect control for this problem. The varia-
tions in the nozzle flowfield across this parameter space were small
enough to be reasonably represented by the flow structures from a
single set of snapshots.

M total snapshots [usually O(10) or less] of the full-order state
vectorlength N were collected. These snapshots were compiledinto
a N x M matrix S, known as the snapshot matrix. POD guaranteed
that each of the three reduced-orderflowfield variables would yield
an optimally convergentrepresentation of the full-order variable if
the mapping function ¥ was developed as follows:

STS-V=V-A, v=s-V
Here, V is the matrix of eigenvectors of ST S and A is the corre-
sponding diagonal matrix of eigenvalues that was used to yield the
following reduced-order mapping:

wit)=S-V-w(), ST .w()y=S"-S-V-w()

ST.wit)y=V-A-w(), wit) =A" VST .w(@)
Thus, when this relationshipwas insertedinto Eq. (10) and a forward
difference approximationwas applied, the flow model produced the
following reduced-order flow solver:

dw +1
T =Rw)=w"""=w"+ At-R(w)

which becomes
Wl =W+ Ar- AT VST LRS-V W) (11)

Thus, the POD ROM reduced each flow variable from N to M,
where M was the number of snapshots. Each reduced-ordervariable
represented a solution mode, whose contribution to the full-order
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solutionwas of order with the magnitude of the correspondingeigen-
value. No modal truncation was employed in this implementation.
The method of order reduction in Eq. (11) relied on the full-order
function evaluation at each flowfield integration step. As such, the
order of each integration step was not actually reduced. However,
this reduction technique can greatly increase the time-step size al-
lowed for stability. Therefore, the total number of time steps re-
quired for the explicit time accurate solver to reach steady state was
significantly reduced.

For implicit schemes, where time-step size does not affect stabil-
ity, the governingequationsmustbe projectedinto the reduced-order
space (for instance, via a Galerkin projection) to realize a compu-
tational benefit from POD ROM. For a complete derivation and
discuision of POD as it pertains to fluids, see the text by Holmes
etal.!

Results

For the model problem, a controller was designed to maintain
a constant 5000-N thrust as the rocket flies through the simplified
trajectory shown in Fig. 1. The unmodified rocket was designed for
optimal performance of 5000-N at 25,000 m. The controller was
designed to maintain 5000-N thrust throughoutthe entire trajectory.
(The target thrust was actually 5047 N.) The nozzle required a larger
mass flow rate and nozzle throat area at the lower altitudes to track
the thrust profile. When the optimization algorithm was exercised,
errors were allowed to go uncorrected within =5 N, which was the
convergence tolerance.

First consider the controller synthesized from the full-order CFD
plant model: the controller synthesized using the full-order plant
produced the results shown in Fig. 7. Clearly, the optimal controller
had no problem maintaining thrust within the 5 N threshold. As
the rocket ascended and the pressure dropped, the tendency was
for the thrust to increase. Once the increase broke the 5-N thresh-
old, the controller commanded some increment in throat area that
brought the thrust down to well within limits. This process of a nat-
urally creepingincreasein thrust, with a periodic controllerinitiated
decrease in thrust, produced the variations shown in Fig. 7. These
dynamicsresultedin a slightly biased thrusterror, which is shownin
Fig. 8. The bias and standarddeviationwere small (less than 1%) and
deemed insignificant for the model problem. Of course, the solution
algorithm could be tuned to provide smoother results, or could use
a smaller threshold to reduce the bias. The controller actuator com-
mands are shown in Fig. 9. These show the commanded throat area
A, the resulting nozzle throat radius, and the commanded propel-
lant flow rate. The low bandwidth of the control signal is apparent.
Thus, spill over is avoided.

The controllerstarted with a larger throat area and mass flow rate,
and, as the flight progresses to higher altitudes, these were reduced
via actuator commands. At the terminal point of the trajectory, the
controller commanded the throat area and flow rate for the opti-
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mum 5000-N nozzle at 25,000-m altitude (with a fixed divergent
section and exit area). Because the disturbance and desired thrust
were linear functions in time, the resulting controller commands
were also linear. Note that the commanded actuator dynamics only
required about a 7% change in throat geometry and a 14% change
in propellant flow rate to achieve the desired performance.

For problems where the full-order model is too large to iterate
through thousands of function calls in real time, the performance
of a controller synthesized from a reduced-order model must be
considered. A reduced-ordermodel was generated from four snap-
shots of the full-order system state vector, taken at even intervals
as the flow solver progressed from initial condition to steady state.
The snapshots were obtained from the full-order flow solver ex-
plicit time integration with the nozzle geometry required at 20 s
into the flight trajectory (approximate). These four snapshots pro-
duced an ROM with four modes for each of the three conserved
flow variables. This resulted in a total state dimension of 12. The
12 modes were applied to the unsteady equations as described
earlier.

The reduced-order plant was inserted into the optimization al-
gorithm to replace the full-order function call, and the algorithm
was rerun to generate a suboptimal controller. The suboptimal con-
troller thrust performance, based on the full-order plant, is shown
in Fig. 10. The optimization algorithm, based on the reduced-order
plant,introduceda slowly growing errorin thrust. The erroris shown
in Fig. 11. The mean error for the suboptimal controllerwas 21.8 N,
which is a 0.43% error.

Reduced-ordermodel accuracy can be adjusted to achieve desired
performance goals by varying the number of modes and dispersion
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of snapshots* These improvements were not pursued because the
performance shown in Fig. 11 was adequate to demonstratethe con-
troller strategy. For future implementations involving quasi-steady
flow dynamics, a variety of steady-state analysis approaches could
be used instead of time-accurateintegration. It has been shown that
steady analysis using POD ROM is both efficient and accurate.”
For a steady analysis, steady-state flow solutions across the param-
eter space could be blended'® into a larger set of snapshots. This
approach to data collection would cover a wider parameter space
than simply using time integration at one parameter value. In such
animplementation,lower energy modes should be truncated to keep
the dimensionality small.

Conclusions

A suboptimal controllerfor a high-speed, compressible fluid con-
trol problem, albeit without shocks, has been demonstrated using
proper orthogonal decomposition based reduced-order CFD mod-
els. Both an optimal and suboptimal controller were generated for

a quasi-one-dimensiond supersonic convergent-divergent nozzle
with varying backpressure. The optimal controller, generated from
a full-order plant, tracked the desired thrust profile within an arbi-
trarily small threshold. The ROM yielded a suboptimal controller
that replicated the optimal controller with 0.43% mean error. The
reduced-order plant had a state dimensionality of 12, vs the full-
order state dimensionality of 750, which is about a 62-1 order
reduction. Proper orthogonal decomposition based reduced-order
models could realize much greater order reductions for problems
with full-order models requiring higher dimensionality. For exam-
ple, orderreductionsfor two-dimensionalinviscid problems are typ-
ically 1000-1, and order reductions would be much greater still in
three-dimensions.
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